Abstract. In this short paper we combine the representability theorem introduced in [17, 18] with the theory of derived formal models introduced in [2] to prove the existence representability of the derived Hilbert space RHilb(X) for a separated k-analytic space X. Such representability results relies on a localization theorem stating that if X is a quasi-compact and quasi-separated formal scheme, then the ∞-category Coh + (X rig ) of almost perfect complexes over the generic fiber can be realized as a
Introduction
Let k be a non-archimedean field equipped with a non-trivial valuation of rank 1. We let k
• denote its ring of integers, m an ideal of definition. We furthermore assume that m is finitely generated. Given a separated k-analytic space X, we are concerned with the existence of the derived moduli space RHilb(X), which parametrizes flat families of closed subschemes of X. The truncation of RHilb(X) coincides with the classical Hilbert scheme functor, Hilb(X), which has been shown to be representable by a k-analytic space in [7] . On the other hand, in algebraic geometry the representability of the derived Hilbert scheme is an easy consequence of Artin-Lurie representability theorem. In this paper, we combine the analytic version of Lurie's representability obtained by T. Y. Yu and the second author in [17] together with a theory of derived formal models developped by the first author in [2] . The only missing step is to establish the existence of the cotangent complex. Indeed, the techniques introduced in [18] allows to prove the existence of the cotangent complex at points x : S → RHilb(X) corresponding to families of closed subschemes j : Z → S × X which are of finite presentation in the derived sense. However, not every point of RHilb(X) satisfies this condition: typically, we are concerned with families which are almost of finite presentation. The difference between the two situations is governed by the relative analytic cotangent complex L an Z/S×X : Z is (almost) of finite presentation if L an Z/S×X is (almost) perfect. We can explain the main difficulty as follows: if p : Z → S denotes the projection to S, then the cotangent complex of RHilb(X) at x : S → RHilb(X) is computed by p + (L an Z/S×X ). Here, p + is a (partial) left adjoint for the functor p * , which has been introduced in the k-analytic setting in [18] . However, in loc. cit. the functor p + has only been defined on perfect complexes, rather than on almost perfect complexes. From this point of view, the main contribution of this paper is to provide an extension of the construction p + to almost perfect complexes. Our construction relies heavily on the existence results for formal models of derived k-analytic spaces obtained by the first author in [2] . Along the way, we establish three results that we deem to be of independent interest, and which we briefly summarize below.
Let X be a derived formal k • -scheme topologically almost of finite presentation. One of the main construction of [1, 2, 3] is the generic fiber X rig , which is a derived k-analytic space. The formalism introduced in loc. cit. provides as well an exact functor (−) rig : Coh + (X) −→ Coh + (X rig ), (1.1) where Coh + denotes the stable ∞-category of almost perfect complexes on X and on X rig . When X is underived, this functor has been considered at length in [8] , where in particular it has been shown to be essentially surjective, thereby extending the classical theory of formal models for coherent sheaves on k-analytic spaces. In this paper we extend this result to the case where X is derived, which is a key technical step in our construction of the plus pushforward. In order to do so, we will establish the following descent statement, which is an extension of [8, Theorem 7. 
We refer the reader to Theorem 3.7 for the precise statement. S consequence of Theorem 1 above is the following statement, concerning the properties of ∞-categories of formal models for almost perfect complexes on X ∈ dAn k : Theorem 2 (Theorem 3.23). Let X ∈ dAn k be a derived k-analytic space and let F ∈ Coh + (F) be a bounded below almost perfect complex on X. For any derived formal model X of X, there exists G ∈ Coh + (X) and an equivalence G rig F. Furthermore, the full subcategory of Coh + (X) × Coh + (X) Coh + (X) /F spanned by formal models of F is filtered.
Theorem 2 is another key technical ingredient in the proof of the existence of a plus pushforward construction. The third auxiliary result we need is a refinement of the existence theorem for formal models for morphisms of derived analytic spaces proven in [2] . It can be stated as follows: The classical analogue of Theorem 3 was proven by Bosch and Lutkëbohmert in [6] . The proof of this theorem is not entirely obvious: indeed the algorithm provided in [2] proceeds by induction on the Postnikov tower of both X and Y , and at each step uses [8, Theorem 7.3] 
Notation and conventions.
In this paper we freely use the language of ∞-categories. Although the discussion is often independent of the chosen model for ∞-categories, whenever needed we identify them with quasi-categories and refer to [10] for the necessary foundational material.
The notations S and Cat ∞ are reserved to denote the ∞-categories of spaces and of ∞-categories, respectively. If C ∈ Cat ∞ we denote by C the maximal ∞-groupoid contained in C. We let Cat st ∞ denote the ∞-category of stable ∞-categories with exact functors between them. We also let Pr L denote the ∞-category of presentable ∞-categories with left adjoints between them. Similarly, we let Pr L st denote the ∞-categories of stably presentable ∞-categories with left adjoints between them. Finally, we set
Given an ∞-category C we denote by PSh(C) the ∞-category of S-valued presheaves. We follow the conventions introduced in [16, §2.4] for ∞-categories of sheaves on an ∞-site.
For a field k, we reserve the notation CAlg k for the ∞-category of simplicial commutative rings over k. We often refer to objects in CAlg k simply as derived commutative rings. We denote its opposite by dAff k , and we refer to it as the ∞-category of derived affine schemes. We say that a derived ring A ∈ CAlg k is almost of finite presentation if π 0 (A) is of finite presentation over k and π i (A) is a finitely presented π 0 (A)-module. 1 We denote by dAff afp k the full subcategory of dAff k spanned by derived affine schemes Spec(A) such that A is almost of finite presentation. When k is either a non-archimedean field equipped with a non-trivial valuation or is the field of complex numbers, we let An k denote the category of analytic spaces over k. We denote by Sp(k) the analytic space associated to k.
Preliminaries on derived formal and derived non-archimedean geometries
Let k denote a non-archimedean field equipped with a rank 1 valuation. We let k
denote its ring of integers. We assume that k • admits a finitely generated ideal of definition m.
Notation 2.1.
(1) Let R be a discrete commutative ring. Let T disc (R) denote the full subcategory of R-schemes spanned by affine spaces A n R . We say that a morphism in T disc (R) is admissible if it is an isomorphism. We endow T disc (R) with the trivial Grothendieck topology. (2) Let T adic (k • ) denote the full subcategory of k • -schemes spanned by formally smooth formal schemes which are topologically finitely generated over k
be admissible if it is formally étale. We equip the category T adic (k • ) with the formally étale topology, τé t . (3) Denote T an (k) the category of smooth k-analytic spaces. A morphism in T an (k) is said to be admissible if it is étale. We endow T an (k) with the étale topology, τé t .
In what follows, we will let T denote either one of the categories introduced above. We let τ denote the corresponding Grothendieck topology. Definition 2.2. Let X be an ∞-topos. A T-structure on X is a functor O : T → X which commutes with finite products, pullbacks along admissible morphisms and takes τ -coverings in effective epimorphisms. We denote by Str T (X) the full subcategory of Fun T (T, X) spanned by T-structures. A T-structured ∞-topos is a pair (X, O), where X is an ∞-topos and O ∈ Str T (X).
We can assemble T-structured ∞-topoi into an ∞-category denoted Top R (T). We refer to [12, Definition 1.4.8] for the precise construction.
1 Equivalently, A is almost of finite presentation if π 0 (A) is of finite presentation and the cotangent complex L A/k is an almost perfect complex over A.
is a pullback square in X. We denote by Str loc T (X) the (non full) subcategory of Str T (X) spanned by local structures and local morphisms between these.
Example 2.4.
(1) Let R be a discrete commutative ring. A T disc (R)-structure on an ∞-topos X is simply a product preserving functor O : T disc (R) → X. When X = S is the ∞-topos of spaces, we can therefore use [10, Proposition 5.5.9.2] to identify the ∞-category Str T disc (R) (X) with the underlying ∞-category CAlg R of the model category of simplicial commutative R-algebras. It follows that Str T disc (R) (X) is canonically identified with the ∞-category of sheaves on X with values in CAlg R . For this reason, we write CAlg R (X) rather than Str
Denote by X fét the small formal étale site on X and denote X := Shv(X fét , τé t ) ∧ denote the hypercompletion of the ∞-topos of formally étale sheaves on X. We define a T adic (k • )-structure on X as the functor which sends U ∈ X fét to the sheaf O(U ) ∈ X defined by the association
In this case, O(A 1 k • ) corresponds to the sheaf of functions on X whose support is contained in the t-locus of X. To simplify the notation, we write fCAlg k • (X) rather than Str
(3) Let X be a k-analytic space and denote Xé t the associated small étale site on X. Let X := Shv(Xé t , τé t ) ∧ denote the hypercompletion of the ∞-topos of étale sheaves on X. We can attach to X a T an (k)-structure on X as follows: given U ∈ T an (k), we define the sheaf O(U ) ∈ X by
As in the previous case, we can canonically identify O(A 1 k ) with the usual sheaf of analytic functions on X. We write AnRing k (X) rather than Str loc Tan(k) (X). Construction 2.5. Let X be an ∞-topos. We can relate the ∞-categories
and Str Tan(k) (X) as follows. Consider the following functors (1) the functor
induced by base change along the map k
(2) The functor
induced by the (t)-completion.
induced by the analytification. (4) The functor
induced by Raynaud's generic fiber construction (cf. [4, Theorem 8.4.3] ).
These functors respect the classes of admissible morphisms and are continuous morphisms of sites. It follows that precomposition with them induce well defined functors
The first functor simply forgets the k-algebra structure to a k • -algebra one via the natural map k
We refer to the second and fourth functors as the underlying algebra functors. The third functor is an analogue of taking the subring of power-bounded elements in rigid geometry.
Using the underlying algebra functors introduced in the above construction, we can at last introduce the definitions of derived formal scheme and derived k-analytic space. They are analogous to each other:
effective epimorphism and the following conditions are met: 
We say that X = (X, O X ) is a formal derived k
• -scheme if it is a derived formal Deligne Mumford stack and furthermore its truncation t 0 (X) :
associated to a formal scheme via Example 2.4.
Definition 2.7.
A T an (k)-structured ∞-topos X := (X, O X ) is said to be a derived k-analytic space if X is hypercomplete and there exists a collection of objects {U i } i∈I in X such that i∈I U i → 1 X is an effective epimorphism and the following conditions are met:
) is equivalent to the T an (k)-structured ∞-topos arising from an ordinary k-analytic space via the construction given in Example 2.4. (2) For each i ∈ I and each integer n ≥ 0, the sheaf
Theorem 2.8 (cf. [2, 11, 15] 
. We denote by (−) ad the resulting functor:
Definition 2.9. Let A ∈ fCAlg k • (X). We say that A is topologically almost of finite type over k
is sheaf of topologically of finite type k • -adic algebras and for each i > 0, π i (A) is finitely generated as π 0 (A)-module.
We say that a derived formal Deligne-Mumford stack X := (X, O X ) if topologically almost of finite type over k
• if its underlying ∞-topos is coherent (cf. [13, §3] ) and O X ∈ fCAlg k • (X) is topologically almost of finite type over k • . We denote by dfDM taft (resp. dfSch taft ) the full subcategory of dfDM k • spanned by those derived formal Deligne-Mumford stacks X that are topologically almost of finite type over k • (resp. and whose truncation t 0 (X) is equivalent to a formal k
The transformation of pregeometries
induced by Raynaud's generic fiber functor induces Top
.1] provides a right adjoint to this last functor, which we still denote
We refer to this functor as the derived generic fiber functor or as the derived rigidification functor. (1) it restricts to a functor 
Fix a derived formal Deligne-Mumford stack
We refer to O X -Mod as the stable ∞-category of O X -modules. Similarly, we refer to O Y -Mod as the stable ∞-category of O Y -modules. The derived generic fiber functor induces a functor
Definition 2.11. Let X ∈ dfDM k • be a derived k • -adic Deligne-Mumford stack and let X ∈ dAn k be a derived k-analytic space. The ∞-category Coh + (X) (resp. Coh + (X)) of almost perfect complexes on X (resp. on X) is the full subcategory of O X -Mod (resp. of O X -Mod) spanned by those O X -modules (resp. O X -modules) F such that π i (F) is a coherent sheaf on t 0 (X) (resp. on t 0 (X)) for every i ∈ Z and π i (F) 0 for i 0.
For later use, let us record the following result:
and furthermore this is an equivalence. Similarly, if X is a derived k-affinoid space, 3 and
and furthermore this is an equivalence.
To complete this short review, we briefly discuss the notion of the k • -adic and k-analytic cotangent complexes. The two theories are parallel, and for sake of brevity we limit ourselves to the first one. We refer to the introduction of [17] for a more thorough review of the k-analytic theory. In [2, §3.4] it was constructed a functor
/O X , which we refer to as the k
• -adic split square-zero extension functor. Given F ∈ O X -Mod, we often write
the functor Ω ∞ ad depends on it in an essential way. Definition 2.14. The functor of k
• -adic derivations is the functor
For formal reasons, the functor Der
We refer to it as the k
• -adic cotangent complex of X. The following theorem summarizes its main properties:
3. Formal models for almost perfect complexes 3.1. Formal descent statements. We assume that k • admits a finitely generated ideal of definition m. We also fix a set of generators t 1 , . . . , t n ∈ m. We start by recalling the notion of m-nilpotent almost perfect complexes. 
We refer to Coh + nil (X) as the full subcategory of m-nilpotent almost perfect complexes on X.
In particular, we see that f * preserves the subcategory of m-nilpotent almost perfect complexes on X.
Moreover, as both Coh + (X) and Coh + (X rig ) satisfy étale descent, we conclude that Coh + nil (X) satisfies étale descent as well. Proof. The question is étale local on X. In particular, we can assume that X is a derived formal affine scheme topologically of finite presentation. Write
In particular, we deduce that X is a derived k-affinoid space. Write
. We can therefore use Proposition 2.12 to obtain canonical equivalences
Under these identifications, the functor (−) rig becomes equivalent to the base change functor
Moreover, it follows from [2, Proposition A. 1.4 ] that there is a canonical identification
In particular, (−) 
spanned by formal models of F.
Our goal in this section is to study the structure of FM(F), and in particular to establish that it is non-empty and filtered when X is a quasi-compact and quasi-separated derived k
• -adic scheme. Notice that saying that FM(F) is non-empty for every choice of F ∈ Coh + (X) is equivalent to asserting that the functor (1.1)
is essentially surjective. Proof. We let
Then as in the proof of Lemma 3.2, we have identifications Coh
, and under these identifications the functor (−) rig becomes equivalent to To complete the proof of the non-emptiness of FM(F), it would be enough to know that the essential image of the functor Coh + (X) → Coh + (X rig ) satisfies descent. This is analogous to [8, Theorem 7.3] . 
We denote by L : Coh + (X) → Coh + loc (X) the canonical functor. We refer to L as the localization functor.
We summarize below the formal properties of m-local almost perfect complexes: 
Moreover, the essential images of (−) rig and Λ coincide.
(3) If X is affine, then the functor Λ is an equivalence.
Proof. We start by proving (1). Using [8, Corollary 2.9] we have to check that the t-structure on Coh + (X) restricts to a t-structure on Coh + nil (X) and that the inclusion
admits a right adjoint R whose counit i(R(X)) → X is a monomorphism for every X ∈ Coh ♥ (X). For the first statement, we remark that it is enough to check that the functor (−) rig : Coh
is t-exact. As both Coh + (X) and Coh + (X rig ) satisfy étale descent in X, we can test this locally on X.
When X is affine, the assertion follows directly from Proposition 2.12. As for the second statement, we first observe that
We can therefore assume that X is underived. At this point, the functor R can be explicitly described as the functor sending F ∈ Coh ♥ (X) to the subsheaf of F spanned by m-nilpotent sections. The proof of (1) is thus complete. We now turn to the proof of (2). The existence of Λ and the factorization (−) • : Coh
is an equivalence. Using [8, Lemma 3 .20] we can endow the right hand side with a canonical t-structure. It follows from the characterization of the t-structure on Coh + loc (X) given in Proposition 3.6 that f
• *
• is t-exact.
We will prove in Corollary 3.13 that f
• is fully faithful. Assuming this fact, we can complete the proof as follows. We only need to check that f • *
• is essentially surjective. Let C be the essential image of f • *
• . We now make the following observations:
(1) the heart of lim ∆ Coh
is contained in C. Indeed, Lemma 3.4 implies that
is an equivalence. These equivalences induce a t-exact equivalence
Passing to the heart and using the canonical equivalences
we can invoke the classical Rayanaud's theorem on formal models of coherent sheaves to deduce that the heart of the target of f
• is contained in its essential image. (2) The subcategory C is stable. Indeed, let • is fully faithful, we can find a morphism ψ : F → F lifting ψ. Set
Then Λ(F ) F , which means that under the equivalence (3.3) the object F belongs to C.
These two points together imply that f • *
• is essentially surjective on cohomologically bounded elements. As both the t-structures on source and target of f *
• are left t-complete, the conclusion follows. Proof. The localization functor L : Coh + (X) → Coh + loc (X) is essentially surjective by construction. Since X is a quasi-compact and quasi-separted derived k
• -adic scheme topologically of finite presentation,
Corollary 3.8 implies that Λ : Coh
is an equivalence. The conclusion follows.
Proof of Theorem 3.7: fully faithfulness.
The only missing step in the proof of Theorem 3.7 is the full faithfulness of the functor (3.2). We will address this question by passing to the ∞-categories of ind-objects. Let X be a quasi-compact and quasi-separated derived k • -adic scheme locally topologically almost of finite presentation.
f : U −→ X be a formally étale morphism. Then f induces a commutative diagram
The functors f * and f • * commute with colimits, and therefore they admit right adjoints f * and f • * . In particular, we obtain a Beck-Chevalley transformation
A key step in the proof of the full faithfulness of the functor (3.2) is to verify that θ is an equivalence when evaluated on objects in Coh ♥ (U). Let us start with the following variation on [8, Lemma 7.14]: 
is an equivalence; (2) the Beck-Chevalley transformation
is an equivalence.
Proof. Since j C and i C are fully faithful, it is equivalent to check that
is an equivalence if and only if κ R D (X) is an equivalence. Using the natural equivalences
we obtain the following commutative diagram
Moreover, since the rows of the diagram (3.5) are Verdier quotients, we conclude that the rows in the above diagram are fiber sequences. Therefore, the leftmost vertical arrow is an equivalence if and only if the rightmost one is.
Lemma 3.11. The Beck-Chevalley transformation (3.4) is an equivalence whenever evaluated on objects in Coh ♥ (U).
Proof. Using Lemma 3.10, we see that it is enough to prove that the Beck-Chevalley transformation associated to the square Ind(Coh
is an equivalence when evaluated on objects of Coh ♥ nil (U). As the horizontal functors are fully faithful, it is enough to check that the functor
. We have to verify that (f * (F)) rig 0. Since F is coherent and in the heart and since U is quasi-compact we see that there exists an element a ∈ m such that the map µ a : F → F given by multiplication by a is zero. Therefore f * (µ a ) : f * (F) → f * (F) is homotopic to zero. Since f * (µ a ) is equivalent to the endomorphism f * (F) given by multiplication by a, we conclude that (f * (F)) rig 0. The conclusion follows.
Having these adjointability statements at our disposal, we turn to the actual study of the full faithfulness of the functor (3.2). Let 
Ind(Coh
These functors commute by construction with filtered colimits, and therefore they admit right adjoints, that we denote respectively as
Moreover, the functors f *
• and f
• fit in the following commutative diagram:
In particular, we have an associated Beck-Chevalley transformation
Proposition 3.12. The Beck-Chevalley transformation (3.6) is an equivalence when restricted to the full subcategory
Proof. The discussion right after [16, Corollary 8.6 ] allows us to identify the functor
with the functor informally described by sending a descent datum
Similarly, the functor f
We therefore have to show that the Beck-Chevalley transformation
is an equivalence whenever each F n belongs to Coh ♥ (U n ). First notice that the functors f • * and f ) are right t-complete, we conclude that it is enough to prove that π i (θ) is an isomorphism for every i ∈ Z. We now observe that for m ≥ i + 2 we have
and similarly
It is therefore enough to prove that for every m ≥ 0 the canonical map L lim
is an equivalence. As L commutes with finite limits, we are reduced to show that the canonical map
is an equivalence whenever F n ∈ Coh ♥ (U n ), which follows from Lemma 3.11. is fully faithful.
Proof. As the functor f
• is t-exact and the t-structure on both categories is left complete, we see that it is enough to reduce ourselves to prove that f *
• is fully faithful when restricted to Coh b loc (X). Consider the following commutative cube:
First of all, we observe that the diagonal functors are all fully faithful. It is therefore enough to prove that the functor f • *
• : Ind(Coh
is fully faithful when restricted to Coh + loc (X). As this functor admits a right adjoint f • • * , it is in turn enough to verify that for every F ∈ Coh b loc (F) the unit transformation
is an equivalence. Proceeding by induction on the number of nonvanishing homotopy groups of F, we see that it is enough to deal with the case of F ∈ Coh ♥ loc (F). As the functor L X : Coh + (X) → Coh + loc (X) is essentially surjective and t-exact, we can choose F ∈ Coh ♥ (X) and an equivalence
Moreover, the unit transformation
• F is an equivalence. It is therefore enough to check that the Beck-Chevalley transformation associated to the front square is an equivalence when evaluated on objects in lim ∆ Coh ♥ (U n ). This is exactly the content of Proposition 3.12.
3.3. Categories of formal models. Let X ∈ dfSch taft k • be a quasi-compact and quasi-separated derived k
• -adic scheme topologically almost of finite presentation. We established in Corollary 3.9 that for any F ∈ Coh + (X rig ) the ∞-category of formal models FM(F) is non-empty. Actually, we can use Corollary 3.8 to be more precise about the structure of FM(F). We are in particular interested in showing that it is filtered. We start by recording the following immediate consequence of Corollary 3.8:
Lemma 3.14. Let X ∈ dfSch taft k • be a quasi-compact and quasi-separated derived k • -adic scheme topologically almost of finite presentation. Then the functor
which is furthermore fully faithful.
Proof. Corollary 3.8 implies that the functor (−) rig induces the equivalence
In other words, we see that the diagram 
is an accessible localization of Ind(Coh + (X)). As these categories are presentable, we deduce that the localization functor (−) rig admits a fully faithful right adjoint, as desired. 
In other words,
Proof. Since X is quasi-compact, we can find a finite formal Zariski cover U i = Spf(A i ) by formal affine schemes. Let U • be the Čech nerve. Since this is a formal Zariski cover, there exists m 0 such that
Since the functor − ⊗ k • k : Mod k • → Mod k is exact, it commutes with finite limits. Therefore, we see that it is enough to prove that the conclusion holds after replacing X by U m . Since X is quasi-compact and quasi-separated, we see that each U m is quasi-compact and separated. In other words, we can assume from the very beginning that X is quasi-compact and separated. In this case, each U m will be formal affine, and therefore we can further reduce to the case where X is formal affine itself. Assume therefore X = Spf(A). In this case, Coh
Thus, the proof is complete.
Corollary 3.17. Let X be as in the previous lemma. Given F, G ∈ Coh + (X), the canonical map
Proof. Denote by R : Ind(Coh + (X)) → Ind(Coh + nil (X)) the right adjoint to the inclusion
Then for any G ∈ Coh + (X) we have a fiber sequence
In particular, we obtain a fiber sequence
Now observe that
Notice also that since k
In particular, applying − ⊗ k • k : Mod k • → Mod k we find a fiber sequence
It is therefore enough to check that Hom X (F, iR(G)) ⊗ k • k 0. Since i is a left adjoint, we can write
where I is filtered and G α ∈ Coh + nil (X). As F is compact in Ind(Coh + (X)), we find
Since each G α belongs to Coh
The conclusion follows. 
Introduce the functor
defined as follows: K sends every object to k • , and it sends the morphism m ≤ m to multiplication by t m −m . By abuse of notation, we still denote the composition of K with the inclusion Ind(Coh
Let now X ∈ dfSch taft k • be a quasi-compact and quasi-separated derived k • -adic scheme topologically almost of finite presentation. Let F ∈ Coh + (X). The natural morphism q :
We define the functor K F as
We let F loc denote the colimit of the functor K F .
Let G ∈ Coh + (X rig ) and let α : F rig → G be a given map. Notice that the natural map
rig is an equivalence. Therefore α induces a cone
which is equivalent to the given of a cone
Specializing this construction for α = id F rig , we obtain a canonical map Proof. For any G ∈ Coh + (X), we write Hom X (G, F) ∈ Mod k • for the k • -enriched mapping space. As G is compact in Ind(Coh + (X)), we have
Corollary 3.17 implies that
It follows that F 
Proof. It is enough to prove that for every i ≥ 0 we have 
Lemma 3.21 implies that the same holds true replacing j(F rig ) with F loc . As Coh + nil (X) is a stable full subcategory of Coh + (X), it follows that • -adic scheme. Let
. Then the ∞-category FM(F) of formal models for F is non-empty and filtered.
Proof. We know that FM(F) is non-empty thanks to Corollary 3.9. Pick one formal model F ∈ FM(F). Then Lemma 3.22 implies that the canonical map
is an equivalence. We now observe that FM(F) is by definition a full subcategory of
As this ∞-category is filtered, it is enough to prove that every object G ∈ Coh + (X) /F admits a map to an object in FM(F). Let α : G → j(F) be the structural map. Using the equivalence γ F and the fact that G is compact in Ind(Coh + (X)), we see that α factors as G → F, which belongs to FM(F) by construction. For later use, let us record the following consequence of Lemma 3.22: 
Yn → G. Then α and β induce a commutative square
We now define X n+1 and Y n+1 as the square-zero extensions associated to α and β. In other words, they are defined by the following pushout diagrams:
The commutativity of (4.2) provides a canonical map f n+1 : X n+1 → Y n+1 , which is readily verified to be proper and flat. We are therefore left to verify that f n+1 is a formal model for f n+1 . Unraveling the definitions, we see that it is enough to produce equivalences a :
commutative. The situation is symmetric, so it is enough to deal with t ≤n X. Consider the morphism
which exists because all the elements t i ∈ m are invertible in k. For the same reason it is an equivalence, with inverse given by multiplication by t m . This morphism induces a map
which by functoriality is an equivalence. We now observe that the commutativity of (4.3) is equivalent to the commutativity of
which is immediate. The proof is therefore achieved.
The plus pushforward for almost perfect sheaves
Let f : X → Y be a proper map between derived k-analytic spaces of finite tor-amplitude. In [18, Definition 7.9] it is introduced a functor
and it is shown in Proposition 7.11 in loc. cit. that for every G ∈ Coh + (Y ) there is a natural equivalence
In this section we extend the definition of f + to the entire Coh + (X), at least under the stronger assumption of f being flat.
Remark 5.1. In algebraic geometry, the extension of f + to Coh + (X) passes through the extension to QCoh(X) Ind(Perf(X)). This is ultimately requires being able to describe every element in Coh
as a filtered colimit of elements in Perf(X), which in analytic geometry is possible only locally.
Therefore, this technique cannot be applied in analytic geometry. When dealing with non-archimedean analytic geometry, formal models can be used to circumvent this problem. 
admits a left adjoint
and therefore Coh
Combining 
admits a left adjoint f n+ . Moreover, Proposition 6.4.5.4(2) in loc. cit. implies that these functors f n+ can be assembled into a natural transformation, and that therefore they induce a well defined functor
Now let F ∈ Coh + (X) and G ∈ Coh + (Y). Let F n and G n be the pullbacks of F and G to X n and Y n , respectively. Then
Map Coh + (X) (F, f * (G)) lim We only have to prove that it is left adjoint to f * . Let F ∈ Coh + (X) and G ∈ Coh + (Y ). Choose a formal model F ∈ Coh + (X). Then unraveling the construction of f + , we find a canonical equivalence
We now have the following sequence of natural equivalences:
by Corollary 3.17
The proof is therefore complete. Choose also a formal model F ∈ Coh + (X) for F. It is then enough to prove that the canonical map
is an equivalence. This follows at once by [9, Proposition 6.4.5.4(2)]. Proof. We only need to check the hypotheses of [17, Theorem 7.1] . The representability of the truncation is guaranteed by [7, Proposition 5.3.3] . The existence of the global analytic cotangent complex has been dealt with in Proposition 6.1. Convergence and infinitesimal cohesiveness are straightforward checks. The theorem follows.
As a second concluding applications, let us mention that the theory of the plus pushforward developed in this paper allows to remove the lci assumption in [18 
